Critical Point Theory and
Applications to Problems
for Differential and
Fractional Equations

Stepan Tersian,
May 23, 2018



1. Modern calculus of variations,
Genus and category

The Min-Max principle in critical point theory is
Introduced by Ljusternik and Schnirelman, 1929 is
based on the concept of category of a set A in a
Banach space E.

Mark Krasnoselskii and others employed the
concept of genus instead of category.

Let E be a real Banach space. Let us denote
by U the class of all closed subsets A eE\{0},
that are symmetric with respect to the origin,
that Is, ueA implies -ueA.




Definition 1. Let AeU. The Krasnoselskii
genus V(A ) Is defined as being the least
positive integer k such that there is an odd
mapping ¢eC(A,R¥) , such that ¢(x)#0 for all
XeA. If such a k does not exist we set y(A )=<.
Furthermore, by definition y(@)=0. (see[6])

Theorem 1 (Lyusternik-Schnirelman, 1929).
Let le CY{(RN ;R) be an even function.
Then, the restriction of | to the unit sphere
SN-1of RN possesses at least N distinct
pairs of critical points.
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This result has many infinite dimensional
extensions that naturally require some
additional compactness conditions.

Usually, this Is the Palais-Smale (PS)
condition.

Let C(E;R) denote the set of functionals
that are Fréchet differentiable and whose
Fréchet derivatives are continuous on E.



Definition 2. We say that the functional
leCL(E;R) satisfies the Palais—Smale (PS)
condition If every sequence (u,) in E, such
that I(u,,) Is bounded and /’(u,)—0 as

n —, has a convergent subseqguence.

Here, the sequence (u,) Is called a (PS)
sequence (see [2], [7],[9],[10]).



Theorem 2 (Clark, 1973, [4],[5]).

Let E be a real Banach space, 1eCYE;R)
with |  even, bounded from below, and
satisfying the (PS) condition.

Suppose I(0) = 0, there is a set K In E such
that K is homeomorphic to S™! by an odd
map and sup{l(u):ueK}<O0.

Then, | possesses at least n disjoint pairs of
critical points.
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Let E be a Banach space,ce Rand | €
CY(E,R). Set

2={Ac E\{0}:Aisclosedin E and
symmetric with respect to 0},
Kc.={ueE:I(u)=c,I'(u) =0},
l.={ueE:I(u)=c}

Definition 1. For A € 2 we say genus of A is
n (denoted by y(A) = n) if there is an odd
map ¢ € C(A,RN\{0}) and n is the smallest
iInteger with this property.



Theorem 3. Let | be an even C1 functional
on E and satisfy the (PS) condition. For
any n €N, set

2. ={A€2:y(A) zn},

Cn - ianEZn SupueA |(U)

() If 2, # dand c, €R, then c_ Is a critical
value of |I.

(1) If there exists r € N such that
c,=C,= " * ~=¢C,,—C€Rand

c #1(0), then y(K.) 2 r + 1.



Theorem 4 [Liu Wang] 2015.]

Let X be a Banach space, | € C}(X,R). Assume that |
satisfies the (PS) condition, it is even and bounded
from below, and 1(0) = 0. If for any k €N, there exist
a k-dimensional subspace X, of X and p, > 0 such
that

SUPynskl < 0, where S ={u € X, Ju/k = p}, then at
least one of the following conclusions holds:

(1) There exists a sequence of critical points {u,} :
l(u, ) <O forall kand ju /,— 0 as k — .

(i) There exists r > 0 such that for any 0 < a <r there
exists a critical point u such that

M =aandl(u) = 0.



Theorem 4 implies the
existence of infinitely many
pairs of critical

points (u.,—u.), U # 0,
such that

(u,) <0, I(u_) — 0, and

M k— 0as m-—



2. Minimization theorems

Let X be a Banach space.
A minimizing seqguence for a functional
J : X —>R Is a sequence (u,) such that
J(u,) —infd, whenever kK — .
A function J : X — R Is lower semicontinuous
(resp. weakly lower semi-continuous) Iif when
u,—u strongly in X, then liminfd(u,) = J(u),

resp. u,—u weakly in X, then
liminfJ(u,) =2 J(u)).



Theorem 5. If J: X —->R Isw.l.s.c. on a
reflexive Banach space E and has a
bounded minimizing sequence, then J has
a minimum on X, I.e. there exists minimum
point U, €X, such that minJ(u)=J(u,). If J : X
—R Is differentiable, then the minimum
point is a critical point of J, J'(u,)=0.

The existence of a bounded minimizing sequence
will be In particular insured when J Is coercive,
l.e., such that J(u) — « if [[u]] — =



Proposition 1. (S. Li) Let JeCY{(X,R). If Jis
bounded below and satisfies (PS), then J is
coercive.

Proposition 2. Let JeC1(X,R). Assume J is
bounded below and satisfies (PS). Then every
minimizing sequence has a convergent
subsequence.



Definition 3. (Brezis and Nirenberg,
1991).

J satisfies (PS). condition if any
sequence (u,) In X, such that J(u,)—c
and J(u,)—0 as nh —«~ has a
convergent subsequence.

If this holds for every ceR one says that J
satisfies (PS) condition.



Theorem 6. (Corollary of Ekeland’s variational
principle).

Let X be a Banach space, J : X —»R be a
functional bounded from below and
differentiable on X. Then, for each minimizing
sequence (u,) of J, there exists a minimizing
sequence (v,) of J such that

J(vi) = J(uy), [|u, — v {|—0 and J'(v,)—0

If K —o,




Theorem 7. Let X be a Banach space,

J : X =R a functional bounded from below and
differentiable on X.

If J satisfies the (PS).-condition with ¢ = Infy J,
then J has a minimum on X.



Welerstrass pointed out in 1870, that the
existence of the minimum is not assured in
spite of the fact that the functional may be
bounded from below. He proved that the
functional

1
J(w) = f (e () 2dx
~1

possesses an infimum but does not admit any
minimum in the set
C ={u e C'[-1, 1]: u(=1) =0, u(1) = 1}.

X
arctan—

Consider u, (x) = Zt L and show that
n 2 2arctan;

u.€C, J(u,)—0=infd and J has not a minimum
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3. Mountain-pass Theorems

Paul Rabinowitz,
15.11.1939,
Newark, New Jersey -

Antonio Ambrosetti,
25.11.1944, Bari -



Theorem 8 (Mountain Pass Theorem,
[1],[9] ). Let E be a real Banach space and
| € CL(E, R) is a functional satisfying (PS)
condition. Suppose 1(0) = 0 and
(1) F0, a>0: |2 q,
(1,) 72 eE\Bp : Il(e) = 0.
Then, | possesses a critical value ¢ 2 a.
Moreover, c can be characterized as
C = Inf {Maxc,o 17 I(U) : g€ }, where
I"={g €C([0, 1], E) : 9(0) = 0, 9(1) = e}



‘heorem 9 (Symmetric Mountain Pass
"heorem).

Let E be a real Banach space and | € C1(E, R)
with | even. Suppose 1(0)=0 and | satisfies
(PS) and

(1,) there exist constants p, a > 0 such that
IlaB,o2 q,

(1,°) for all finite dimensional subspaces

E, CE, thereis an R, = R(E,) such that

I(u) < 0foru e E, \ Bg,.

Then | possesses an unbounded sequence of
critical values.




Theorem 10 (Mountain Pass Theorem,
Brezis-Nirenberg [2] ).

Let E be a real Banach space, | € C1(E, R) and
there is an open neighbourhood U of 0 and
some point v outside of U such that
J(0),d(v)<a<J(u) for all uedU.
Consider the family 4 of all continuous paths A
joining 0 and v and set c=Iinf{max . J(u): AcA4}.

hen there exists a sequence (u,) In X, such that
J(u,)—c and J'(u,)—»0 as h — .
If In addition we assume (PS).
then c Is a critical value.






Left. Graph of the function z=y sin2x.sin2y in the square
K,=[0,11] X [O,TT].

Right. Graph of the function z=sin4x.sin4y in the square

K =[-m1, 1] X [-T1,7T]. HOW many local minima and local maxima
there exist in the square K,. Answer: 32 local minima and 32
local maxima. Why and in which points?



REFERENCES

1. A. Ambrosetti and P.H. Rabinowitz, Dual variational methods
incritical point theory and applications, J. Funct. Anal., 14, 349-
381 (1973).

2. H. Brezis, L.Nirenberg, Remarks on finding critical points.
Comm.Pure Appl. Math. V. XLIV, 939-963 (1991).

3. Brachistrone Race:
http://www.youtube.com/watch?v=Ilb1TdgeYL40

4. D. C. Clark. A variant of the Liusternik—=Schnirelman theory.
Indiana Univ. Math. J., 22:65-74, 1972/73.

5. H.P. Heinz. Free Ljusternik-Schnirelmann theory and the
bifurcation diagrams of certain singular nonlinear systems.
J. Diff. Equ., 66: 263-300, 1987.


http://www.youtube.com/watch?v=Ib1TdgeYL4o

6. M.A. Krasnoselskii,Topological methods in the theory of
nonlinear integral equations, MacMillan, New York (1964).

7. J. Mawhin and M. Willem, Critical point theory and Hamiltonian
systems. Applied Mathematical Sciences, 74. Springer-Verlag,
New York, 1989.

8. Y. Nishiyama. The Brachistrochrone Curve: The Ptoblem of
Quickest Decsent. Osaka Keidal Ronshu, v. 61, No 6, 2011.

9. P. H. Rabinowitz. Minimax methods in critical point theory with
applications to differential equations, volume 65 of CMBS
Regional Conference Series in Mathematics. Amer. Math. Soc.,
Providence, RI, 1986.

10. M. Willem, Minimax Theorems, Birkhauser, 1996.



GRAZAS POLA SUA ATENCION !

THANKS FOR YOUR ATTE



